Recent research has recognised that multicriteria decision making (MCDM) should take account of uncertainty, risk and confidence. This paper takes this research forward by using linguistic variables and triangular fuzzy numbers to model the decision maker's (DM) risk and confidence attitudes in order to define a more complete MCDM solution. To illustrate the computation process and demonstrate the feasibility of the results we use a travel problem that has been used previously to assess MCDM techniques. The results show that the method is useful for tackling imprecision and subjectivity in complex, ill-defined and human-oriented decision problems.
Introduction
Multicriteria decision making (MCDM) refers to screening, prioritising, ranking, or selecting a set of alternatives (also referred to as ''candidates'' or ''actions'') under usually independent, incommensurate or conflicting criteria [2, 16, 28] . We will use the following example (also used in [15, 31] ) to illustrate the concepts and methods throughout:
Example. We have to reach the airport from our home to catch an airplane. The MCDM problem here is to select an appropriate travel type from three alternatives: Car, Taxi and Train. Our criteria are price, journey time, and comfort.
An MCDM problem is characterized by (a) the ratings of each alternative with respect to each criteria and (b) the weights given to each criteria. Classical MCDM methods assume that the ratings of alternatives and the weights of criteria are crisp numbers. Increasingly, this is recognized as unrealistic. In the above example, the decision maker (DM) will be unable to assign a crisp number for the journey time of a car since this value is influenced by many factors. Generally, uncertainties arise from: unquantifiable information, incomplete information, unobtainable information, and partial ignorance [8] .
Since classical MCDM methods cannot handle problems with such imprecise information, the representation and interpretation of ''uncertainty'' and human-related subjective preference is needed [40] . The use of probabilistic methods for this purpose in MCDM has been explored in [15, 31] , but fuzzy set theory [38] seems to have been the most commonly used method. The general use of fuzzy set theory in MCDM is explored in [3, 24, 25, 37] , while specific fuzzy MCDM methods can be found in [4, 6, [8] [9] [10] [11] [12] 14, 27, [32] [33] [34] . Fuzzy decision making with partial preference information has been explored in [5, 18, 22, 25, 30] . In [35] [36] [37] , Yager included fuzzy methods, probabilistic information as well as the DM's attitudes and preferences for decision-making under uncertainty.
In this paper, we first introduce the general fuzzy MCDM approach (Section 2). Then we focus on the two dimensions where we believe the DM's attitude is most subjective: risk (Section 3) and confidence (Section 4). We handle risk by extending the so-called linguistic approach [1, 13, 17, 21, 39] that has previously been explored with fuzzy MCDM in [7, [10] [11] [12] 20, [32] [33] [34] an approximate way to represent natural words or sentences used in human judgment and perception. Linguistic decision analysis [4, 17, 18, 26] transforms the linguistic description of the DM into a mathematical model to provide a flexible framework for solving decision problems. To handle confidence we use the fuzzy a cut concept [19] in addition to a linguistic approach. Our method for ranking the performance of alternatives is based on the kind of twophase approach adopted in [8, 25, 40] . The first phase is to aggregate performance of the ratings of the alternatives under the criteria. The second phase is to rank alternatives with respect to aggregated performances.
General fuzzy MCDM approach
First we describe the general approach to fuzzy MCDM without considering risk attitudes and confidence.
Problem formulation and definitions
A general multicriteria decision problem with m alternatives A i (i = 1,. . . , m) and n criteria C j (j = 1,. . . , n) can be concisely expressed as:
Here D is referred to as the decision matrix (where the entry x ij represents the rating of alternative A i with respect to criterion C j ), and W as the weight vector (where w j represents the weight of criterion C j ). In general we classify criteria as either:
• benefit criteria (where the higher the value of x ij the better it is for the DM) or • cost criteria (where the lower the value of x ij the better it is for the DM).
Because we wish to consider fuzzy, as opposed to crisp, values in D and W we shall use the notation:
wherebyx ij represents the fuzzy rating of alternative A i with respect to criterion C j , andw j represents the fuzzy weight of criterion C j . In particular, an intuitively easy and effective approach to capturing the expert's uncertainty about the value of an unknown number is a triangular fuzzy number:
Definition. A triangular fuzzy number ã is defined by a triplet (a 1 , a 2 , a 3 ). The membership function is defined as [19] :
ða 3 À xÞ=ða 3 À a 2 Þ; a 2 6 x 6 a 3 ; 0; otherwise:
The triangular fuzzy number is based on a three-value judgment: the minimum possible value a 1 , the most possible value a 2 and the maximum possible value a 3 .
Example. Table 1 shows the decision matrix and weight vector for the travel problem introduced in Section 1. In this example the criteria price and journey time are cost criteria measured in pounds and minutes respectively. The criterion comfort is a value criterion measured on a scale from 1 to 10. The ratings in the decision matrix are expressed as triangular fuzzy numbers (so, for example, the car journey to the airport most typically costs 10 pounds but it can be as low as 9 and as high as 12). For simplicity the weights are crisp numbers summing to 1 (usually the DM is able to express the weights in this way).
Normalization
To deal with criteria on different scales, we apply a normalization process. Specifically, we normalize the fuzzy numbers in the decision matrix as the performance matrix:
This method preserves the ranges of normalized triangular fuzzy numbers to [0, 1].
Example. The performance matrix for the decision matrix of Table 1 is calculated by (4) and shown in Table 2 .
Weighting the criteria
We construct the weighted performance matrix by multiplying the weight vector by the decision matrix as:
. . , m, and j = 1,2,. . . , n.
Example. The running example is shown in Table 3 . 
Performance of alternatives
We use the vertex method [7] to calculate alternatives' performance index with reference to ideal solutions [16] . The most preferred alternative should have the shortest distance from the positive ideal solution and the longest distance from the negative ideal solution.
Definition. Let ã = (a 1 , a 2 , a 3 ) andb ¼ ðb 1 ; b 2 ; b 3 Þ be two positive triangular fuzzy numbers, then the vertex method defines the distance between them as:
For the normalized fuzzy performance matrix, we define the positive ideal solutionp Ã j ¼ ð1; 1; 1Þ and the negative ideal solutionsp À j ¼ ð0; 0; 0Þ under the criteria as references to measure alternatives' performance [7] . By the vertex method, the distance between each alternative and the positive ideal solution and the negative ideal solution is calculated as:
where i = 1,. . . , m and j = 1,. . . , n. We calculate performance index for each alternative as:
where i = 1,. . . , m, and n is the number of criteria. The nearer p i gets to 1 the better the alternative's performance.
Example. The alternative's distance to the positive ideal solution and negative ideal solutions is calculated by (7) and (8) . The alternatives' performance index is calculated by (9) and shown in Table 4 together with ranking orders.
Fuzzy MCDM by incorporating risk attitudes
The general approach can provide a basic ranking of the alternatives, but it cannot deal with the DM's attitudes towards risk and uncertainty. In this section, we explain how to incorporate the DM's risk attitudes into the general fuzzy MCDM approach. The linguistic approach to modeling risk attitudes in fuzzy MCDM [32] [33] [34] uses the notion of ''optimism'' and ''pessimism''. The key issue for us is to be able to use natural language to describe an appropriate range of attitudes between the extremes of ''optimism'' and ''pessimism''. The number of terms needs to be small enough so as not to impose pointless precision, yet rich enough to allow proper discrimination of the assessments [17] . Based on Miller's theory of cognitive retention [23] we use nine as the maximum number of terms for the DM's assessments.
Modeling risk attitudes
For benefit criteria, the DM expects a maximum value as the best value. For cost criteria, the DM expects a minimum value as the best value. To incorporate the DM's risk attitude to the triangular fuzzy number (a 1 , a 2 , a 3 ), we regard (a 1 , a 2 , a 3 ) as the neutral attitudes, (a 1 , a 3 , a 3 ) and  (a 1 , a 1 , a 3 ) as absolutely optimistic (AO) (absolutely pessimistic (AP)) and absolutely pessimistic (AP) (absolutely optimistic (AO)) for benefit (cost) criteria. In general we use an ordered structure to incorporate other risk attitudes in (a 1 , a 2 , a 3 ) according to benefit (cost) criteria as shown in Table 5 . The first column of Table 5 shows the set of linguistic terms. The case of benefit criteria in the second column and cost criteria in the third column shows the associated triangular fuzzy numbers derived from the triangular fuzzy number (a 1 , a 2 , a 3 ) . The approach described here is easily generalized for the case where there are n as opposed to 9 linguistic terms.
Performance of alternatives on risk attitudes
Now that we have triangular fuzzy numbers that capture the DM's risk attitude we incorporate these into the decision matrix as:
wherex r ij is the triangular fuzzy number derived fromx ij under the specific risk attitude by Table 5 . After normalization and weighting of criteria, we obtain the performance index with respect to risk attitudes.
Example. The alternatives' performance index and ranking orders under different risk attitudes is shown in Table 6 . Table 6 is interesting in that it seems to suggest that any DM ranging from an extreme optimist to an extreme pessimist will always choose the Car as the preferred alternative (although the order of train and taxi vary). However, this result does not take account of the DM's confidence/uncertainty about the value of a rating. For example, the fuzzy value of journey time for car is (70, 100, 120) compared with (70, 80, 90) for train. Somebody who was extremely confident about the values would tend to believe that the most likely value was the true value in each case, i.e. 100 and 80, respectively. Thus, a pessimist (from the risk perspective) who was nevertheless extremely confident about the value would be more likely to favour the train than the car. In this section we formalize these notions so that we are able to complete our MCDM process by incorporating the DM's confidence on top of their risk attitudes. We draw on work from [14, 32] (including the notion of the a cut concept) and [29] .
Fuzzy MCDM by incorporating confidence attitudes

Incorporating confidence levels
To assess confidence and uncertainty about a triangular fuzzy number we use the a cut concept as described in Fig. 1 .
The idea is that a 2 [0, 1] is a basic measure of our confidence about the fuzzy number. We use it to compute a refined fuzzy number that is 'closer' to the value with highest possibility as a tends to 1. Formally, assuming that the confidence in the triangular fuzzy number ã = (a 1 , a 2 , a 3 ) is at level a, the refined fuzzy number is defined as:
Having already incorporated the risk attitude in the decision matrix as in Section 3, we can now construct the decision matrix with risk attitude given confidence level a as:
wherex a ij is the triangular fuzzy number derived fromx r ij under the specific confidence level by (11) . Suppose that there are l confidence levels. After normalization and weighting of criteria, we obtain the performance index vector given confidence levels as:
Example. By applying the above equations we get the performance index under neutral risk attitude with 11 confidence levels shown in Table 7 .
Modeling of confidence attitudes
Instead of providing a direct value a to construct a confidence level, we next use a linguistic variable to represent the DM's qualitative assessment of confidence. As before we use a nine-point linguistic scale shown in Table 8 . Intuitively the membership value of confidence increases linearly as a increase from 0 to 1.
Performance of alternatives on confidence attitudes
In general, assuming a total of l (l P 2) confidence levels, we define the normalized confidence membership vector as:
. . , l and LT represents linguistic terms AC, VC, C, FC, N, FNC, NC, VNC, and ANC, respectively. Based on the confidence membership vectors (14), the performance of the ith alternative under confidence attitudes is:
The DM can rank, prioritize, and select alternatives under different risk attitudes and confidence attitudes according to the performance index.
Example. The alternatives' performance index and ranking orders under neutral risk attitude with respect to different confident attitudes are shown in Table 9 .
For clear evaluation and analysis, we calculate and show the alternatives' performance index under risk and confidence attitude simultaneously. Performance index and ranking orders of Car under different risk and confidence attitudes are shown in Tables 10 and 11 , respectively. Those of Taxi are shown in Tables 12 and 13 , respectively, and those of Train are shown in Tables 14 and 15, respectively. Thus, the DM can choose the best alternative under different risk and confidence attitudes accordingly. For example, a DM who is absolutely pessimistic (with respect Table 13 Ranking order of Taxi under risk and confidence attitudes   Taxi  AO  VO  O  FO  N  FP  P  VP  AP   AC  2  1  1  1  1  1  1  1  1  VC  2  1  1  1  1  1  1  1  1  C  2  2  1  1  1  1  1  1  2  FC  2  2  1  1  1  1  1  1  3  N  2  2  1  1  1  1  1  2  3  FNC  2  2  2  1  1  1  1  3  3  NC  2  2  2  1  1  1  2  3  3  VNC  2  2  2  2  1  2  2  3  3  ANC  2  2  2  2  2  2  3  3  3   Table 14 Performance to risk attitude) but very confident will rank Car as the last alternative and Taxi as the first, whereas the DM who is absolutely pessimistic and fairly confident will rank Train as first.
Conclusions
Since multicriteria decision problems generally involve uncertainty it is important to incorporate different types of uncertainty in any proposed solution. We have presented a novel fuzzy MCDM approach based on risk and confidence analysis, that we believe is effective in tackling complex, ill-defined and human-oriented decision problems. In summary our approach consists of the following steps:
1. Formulate the problem in terms of the (fuzzy) decision matrix and the weight vector. 2. Normalize the decision matrix as the performance matrix. 3. Construct the weighted performance matrix. 4. With reference to ideal solutions, calculate alternatives' performance index. 5. According to the DM's risk attitudes (which can be characterized linguistically), construct the performance matrix with risk attitudes. Calculate alternatives' performance index by 2, 3, and 4 under risk attitudes. 6. Construct the performance matrix with risk attitudes on confidence levels and calculate performance index vector with respect to confidence levels by 2, 3, and 4. 7. According to the DM's confidence attitudes (which can again be characterized linguistically), determine the confidence membership vectors and calculate alternatives' performance index under confidence attitudes. 
